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Ocean thermodynamics model

T: + (U,Grad) T — Div(4ar - Grad T) = fr in D x (to, t1),
T=Tofort=1tyin D,

oT
—VTE = @ on rs X (to, tl),

(1)
oT
W =0 on rW7c X (t07 tl)v
o T
7 )T+87 — 05 dr + Q7 on Mw,op X (to, t1),
ONT ’
(‘)al\-ll;- =0on 'y x (t, t1).

V.Shutyaev, F.-X. Le Dimet, E.Parmuzin 9-13 May 2016



Operator form of the problem

T+ LT =F+BQ, te/(t,t1), )
T =Ty, t = ty,
where
(Te, T) + (LT, T) = F(T) +(BQ, T) YT € W3(D), (3)
and L, F, B are defined by:

(LT, T)=— / TDiv(UT)dD+ / OS9 TTdr+ / 47Grad(T)-Grad(T)dD,

I—w,op

D
AT (Qr + 08dr)TdT + [ frTdD,

D\

(Te, T

-
Mw,op

-]
D

T.TdD, (BQ,T)= /QT|Z_0dQ.
Q
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Data assimilation problem

Find T and @ such that

T+ LT = F+BQ, in Dx (to,tl),
T = To, t=to (4)
J(Q) = infJ(v),

where

t1 t1
1
Q) = 3‘//|Q_ Q(O)y2d9dt+2//mo\r\z_o  Tope|2dQdt,
Q to Q

to

and Q(O), Tons € LQ(Q X (to, tl)), a = const > 0.
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Optimality system

Te+ LT =F+BQ in D x(t,t1),

5

—(T*)e+L*T* = Bmg(T — Topg) in D x (o, t1), (6)
T =0, t=t,

a(Q—Q)+ T =0 on Qx(to,1). (7)
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Functionals of the sea surface temperature

ty

G(T)= /dt/F*(x,y, t)T(x,y,0,t)dQ. (8)
to Q
For example, if we are interested in the mean temperature of a specific
region of the ocean w for z = 0 in the interval t — 7 < t < t, then

: c o3
F*(x,y,t)—{ 1/(7'r(r)1esw) |f(x,y)6c:|ste T<t<t

dt(mels " / T(x,y,0, t)dQ). (10)
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and
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Sensitivity of functionals

The sensitivity is given by the gradient of G with respect to Typs:

dG oG oT
= 11
dTops  OT OTops (11)

If 0 Tops is @ perturbation on T,ps, we get from the optimality system:

WL+ 15T = BIQ, te(t.t) (12)
5T 0,
t=tp
_ 96T *§T* —
{ o + [_* 0T = Bmo(éT — (5Tobs)7 (13)
oT |t:T =0
a(SQ + 57—*‘2:0: 0, (14)
and dG oG
=2 5T =|—==,0T7 | . 1
(Gom)-(ee),
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Computing the gradient

We introduce three adjoint variables P, € Y, P, € Y, P3, such that

P
(57_’6 1+L*P1+BmOP2> +(5T‘t:t’P1‘t:t> +
ot y 1 1 X
P
+<5 T*,2+LP2+BP3> +<5T*|”,P2|”> +
ot y 0 0 x

+ <5Q, P1|z:0—|—aP3> - (5Tob5,m0P2|z:0) =0, X= L2(D) (16)
We put

Py 0G
———— 4+ L*P{ 4+ BmyPy = —
ot + 1+ bmgFa a7’
P>
P; Z:0+aP3 =0, P1’t:t1: 0, 781’ 4+ LP,+ BP; =0, P, —— 0.
Hence, we can exclude P3 and obtain the equation for Ps:
oP, 1
—= +LP,— —BP =0.
52 T LPa— —BP1[,
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Non-standard problem

If Py, Py are the solutions of the following system of equations

OB 1P BmoP, = 0%, te(to,1)
(17)
P1|t:t1 = 07
OP, 1
@% +LP, = aBP]_‘z:O, t e (to, tr)
(18)
P2‘t:t0 = 07
then from (16) we get
dGg oG
<dTobs,(S obs) <8T’(S >y (mo 2‘220’5 ObS)a
and the gradient of G is given by
dG
- m0P2|z:0' (19)

d Tobs
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Equivalent formulation

We write the non-standard problem (17)—(18) in the form:

BPI +L*P1—|—Bm0P2 = aiG, t e (to,tl)
ot oT
(20)
Pl t=t = 07
%Fl? +LP,+Bv = 0, te(t,t)
(21)
P2‘t:t0 = 07
av + Py|,_,=0. (22)
It is equivalent to the operator equation in Ly(Q2 X (tg, t1)):
Hv = o. (23)
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Hessian H and the right-hand side ¢

The operator H is defined on w € Lp(Q x (to, t1)) by
8¢+L¢+Bw = 0, te(t,t1)

(24)
Oy = 0
_%{ +[*¢* = —Bmgg, te(ty,t)

(25)

ey = O
Hw = aw +¢°,_,. (26)
The right-hand side @ is given by ¢ = gzNS*‘Z:O, where d;* is the solution to:
‘% U6 = -G8 te(n) (27)

¢">*|t:tl = 0.
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Solvability of the non-standard problem

For o > 0 the operator H is positive definite, the equation Hv = ® is
correctly and everywhere solvable in L,(Q2 x (tp, t1)), i.e. for every ® there
exists a unique solution v € Ly(Q2 x (to, t1)) and

|lv]| < c||®|l, ¢ = const > 0. (28)

Therefore, the non-standard problem (17)—(18) has a unique solution
Pi,PyeY.
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Algorithm to compute the gradient of G(T)

1) Solve the adjoint problem

—aaq; + L = _27%;_7 t € (to, t1)
(29)
¢*|t:t1 = 0
and put b = ¢*‘Z:0.
2) Find v by solving Hv = o.
3) Solve the direct problem
%‘FLQPQ = —BV, tE(to,tl)
(30)
Po|,_, = O
4) Compute the gradient of the response function as
dG
dTobs m0P2‘Z:0- (1)
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Gradient of the functional G(T)
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Baltic Sea topography [m]
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Regions in the Baltic Sea area
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