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Ocean thermodynamics model

Tt + (Ū,Grad)T −Div(âT ·Grad T ) = fT in D × (t0, t1),

T = T0 for t = t0 in D,

−νT
∂T

∂z
= Q on ΓS × (t0, t1),

(1)

∂T

∂NT
= 0 on Γw ,c × (t0, t1),

Ū
(−)
n T +

∂T

∂NT
= Ū

(−)
n dT + QT on Γw ,op × (t0, t1),

∂T

∂NT
= 0 on ΓH × (t0, t1).
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Operator form of the problem

Tt + LT = F + BQ, t ∈ (t0, t1),

T = T0, t = t0,
(2)

where

(Tt , T̂ ) + (LT , T̂ ) = F(T̂ ) + (BQ, T̂ ) ∀T̂ ∈W 1

2 (D), (3)

and L, F ,B are de�ned by:

(LT , T̂ ) ≡ −
∫
D

TDiv(ŪT̂ )dD+

∫
Γw,op

Ū
(+)
n TT̂dΓ+

∫
D

âTGrad(T )·Grad(T̂ )dD,

F(T̂ ) =

∫
Γw,op

(QT + Ū
(−)
n dT )T̂ dT +

∫
D

fT T̂ dD,

(Tt , T̂ ) =

∫
D

TtT̂ dD, (BQ, T̂ ) =

∫
Ω

QT̂
∣∣
z=0

dΩ.
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Data assimilation problem

Find T and Q such that
Tt + LT = F + BQ, in D × (t0, t1),

T = T0, t = t0

J(Q) = inf
v
J(v),

(4)

where

J(Q) =
α

2

t1∫
t0

∫
Ω

|Q − Q(0)|2dΩdt +
1

2

t1∫
t0

∫
Ω

m0|T
∣∣
z=0
− Tobs |2dΩdt,

and Q(0),Tobs ∈ L2(Ω× (t0, t1)), α = const > 0.
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Optimality system

Tt + LT = F + BQ in D × (t0, t1),

T = T0, t = t0,
(5)

−(T ∗)t + L∗T ∗ = Bm0(T − Tobs) in D × (t0, t1),

T ∗ = 0, t = t1,
(6)

α(Q − Q(0)) + T ∗ = 0 on Ω× (t0, t1). (7)
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Functionals of the sea surface temperature

G (T ) =

t1∫
t0

dt

∫
Ω

F ∗(x , y , t)T (x , y , 0, t)dΩ. (8)

For example, if we are interested in the mean temperature of a speci�c

region of the ocean ω for z = 0 in the interval t̄ − τ ≤ t ≤ t̄, then

F ∗(x , y , t) =

{
1
/

(τmes ω) if (x , y) ∈ ω, t̄ − τ ≤ t ≤ t̄

0 else,
(9)

and

G (T ) =
1

τ

t̄∫
t̄−τ

dt

(
1

mes ω

∫
ω

T (x , y , 0, t)dΩ

)
. (10)
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Sensitivity of functionals

The sensitivity is given by the gradient of G with respect to Tobs :

dG

dTobs
=
∂G

∂T

∂T

∂Tobs
. (11)

If δTobs is a perturbation on Tobs , we get from the optimality system:{
∂δT
∂t + LδT = BδQ, t ∈ (t0, t1)

δT
∣∣
t=t0

= 0,
(12)

{
−∂δT

∗

∂t + L∗δT ∗ = Bm0(δT − δTobs),

δT ∗∣∣
t=T

= 0,
(13)

αδQ + δT ∗∣∣
z=0

= 0, (14)

and (
dG

dTobs
, δTobs

)
=

(
∂G

∂T
, δT

)
Y

. (15)
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Computing the gradient

We introduce three adjoint variables P1 ∈ Y , P2 ∈ Y , P3, such that(
δT ,−∂P1

∂t
+ L∗P1 + Bm0P2

)
Y

+

(
δT
∣∣
t=t1

,P1

∣∣
t=t1

)
X

+

+

(
δ T ∗,

∂P2

∂t
+ LP2 + BP3

)
Y

+

(
δT ∗∣∣

t=t0
,P2

∣∣
t=t0

)
X

+

+

(
δQ,P1

∣∣
z=0

+αP3

)
−
(
δTobs ,m0P2

∣∣
z=0

)
= 0, X = L2(D). (16)

We put

−∂P1

∂t
+ L∗P1 + Bm0P2 =

∂G

∂T
,

P1

∣∣
z=0

+αP3 = 0, P1

∣∣
t=t1

= 0,
∂P2

∂t
+ LP2 + BP3 = 0, P2

∣∣
t=t0

= 0.

Hence, we can exclude P3 and obtain the equation for P2:

∂P2

∂t
+ LP2 −

1

α
BP1

∣∣
z=0

= 0.
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Non-standard problem

If P1,P2 are the solutions of the following system of equations
−∂P1

∂t + L∗P1 + Bm0P2 = ∂G
∂T , t ∈ (t0, t1)

P1

∣∣
t=t1

= 0,

(17)


∂P2

∂t + LP2 =
1

α
BP1

∣∣
z=0

, t ∈ (t0, t1)

P2

∣∣
t=t0

= 0,

(18)

then from (16) we get(
dG

dTobs
, δTobs

)
=

(
∂G

∂T
, δT

)
Y

= (m0P2

∣∣
z=0

, δTobs),

and the gradient of G is given by

dG

dTobs
= m0P2

∣∣
z=0

. (19)
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Equivalent formulation

We write the non-standard problem (17)�(18) in the form:
−∂P1

∂t + L∗P1 + Bm0P2 = ∂G
∂T , t ∈ (t0, t1)

P1

∣∣
t=t1

= 0,

(20)


∂P2

∂t + LP2 + Bv = 0, t ∈ (t0, t1)

P2

∣∣
t=t0

= 0,

(21)

αv + P1

∣∣
z=0

= 0. (22)

It is equivalent to the operator equation in L2(Ω× (t0, t1)):

Hv = Φ. (23)
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Hessian H and the right-hand side Φ

The operator H is de�ned on w ∈ L2(Ω× (t0, t1)) by
∂φ
∂t + Lφ+ Bw = 0, t ∈ (t0, t1)

φ
∣∣
t=t0

= 0,

(24)


−∂φ

∗

∂t + L∗φ∗ = −Bm0φ, t ∈ (t0, t1)

φ∗
∣∣
t=t1

= 0,

(25)

Hw = αw + φ∗
∣∣
z=0

. (26)

The right-hand side Φ is given by Φ = φ̃∗
∣∣
z=0

, where φ̃∗ is the solution to:
−∂φ̃

∗

∂t + L∗φ̃∗ = −∂G
∂T , t ∈ (t0, t1)

φ̃∗
∣∣
t=t1

= 0.

(27)
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Solvability of the non-standard problem

For α > 0 the operator H is positive de�nite, the equation Hv = Φ is

correctly and everywhere solvable in L2(Ω× (t0, t1)), i.e. for every Φ there

exists a unique solution v ∈ L2(Ω× (t0, t1)) and

‖v‖ ≤ c‖Φ‖, c = const > 0. (28)

Therefore, the non-standard problem (17)�(18) has a unique solution

P1,P2 ∈ Y .
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Algorithm to compute the gradient of G (T )

1) Solve the adjoint problem
−∂φ̃

∗

∂t + L∗φ̃∗ = −∂G
∂T , t ∈ (t0, t1)

φ̃∗
∣∣
t=t1

= 0

(29)

and put Φ = φ̃∗
∣∣
z=0

.

2) Find v by solving Hv = Φ.
3) Solve the direct problem

∂P2

∂t + L2P2 = −Bv , t ∈ (t0, t1)

P2

∣∣
t=t0

= 0.

(30)

4) Compute the gradient of the response function as

dG

dTobs
= m0P2

∣∣
z=0

. (31)
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Gradient of the functional G (T )
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Baltic Sea topography [m]
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Regions in the Baltic Sea area
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